Selmer groups and the Eisenstein-Klingen ideal by Urban, Eric
ar
X
iv
:m
at
h/
98
03
17
1v
1 
 [m
ath
.N
T]
  3
1 M
ar 
19
98 Selmer groups and
the Eisenstein-Klingen Ideal
E.Urban∗
March 24, 1998
0 Introduction
The central point in the Bloch-Kato conjectures is to establish formulas for
the order of the Selmer groups attached to Galois representations in terms
of the special values of their L-functions. In order to give upper bound,
the main way is to construct Euler systems following Kolyvagin. Besides,
lower bounds have been obtained by using congruences between automorphic
forms. So, a lot of Iwasawa conjectures for number fields have been attacked
or proven by using congruences between modular forms for GL(2) over the
corresponding number field (cf. [22], [36], [21], [18] and [30]). It seems that
the new developments of the arithmetic theory of automorphic forms for
bigger groups than GL2 enable us to apply again this idea for non abelian
Iwasawa theory.
In this circle of ideas, this article is devoted to the first part of a strategy
of proving a divisibility towards a Main Conjecture ”a` la Iwasawa” as it is
announced in [19] for the Selmer group of a two variable adjoint modular
Galois representation by using congruences between cuspidal Siegel modular
forms of genus 2 and Klingen type Eisenstein series.
In order to be more precise in the formulation of that conjecture, let us
introduce some notations. Let I be a finite and flat extension of Zp[[X]].
Let F = ∑n≥1 a(n;F)qn ∈ I[[q]] be an I-adic cuspidal modular forms of
tame level N and nebentypus ǫF (i.e. F modulo P is an eigen p-ordinary
cuspidal modular form of weight k, level Np and nebentypus ǫFω−k if P is a
height one prime ideal of I above (1+T −uk) for u a topological generator of
1+pZp fixed once for all and ω the Teichmu¨ller character). It is well known
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that (when F is not residually ”Eisenstein”) one can associate to F a Galois
representation ρF : GQ → GL2(I). Let η be a Dirichlet character of level
Np; then one can consider η˜ : GQ → Zp[[S]]× the universal deformation of
the Galois character associated to η. On one hand, one can define a Selmer
group associated to ad0(ρF )⊗ η˜−1 (see paragraph 4.). Generalizing Iwasawa
conjecture, Greenberg conjectures in [8] that the Selmer group Sel(ad0(ρF )⊗
η˜−1) is co-torsion over I[[S]]; this has been proven by Hida in the case η = 1
cf. [15] and his proof should extend (at least in some cases cf. [16]) for even
characters η thanks to Fujiwara’s generalization of the results of Taylor and
Wiles (cf. [7]). We assume this conjecture for a moment and denote by
Fad0(ρF )⊗η˜−1 the characteristic ideal of this Selmer group.
On the other hand, almost ten years ago, in [14] Hida constructed a
two-variable p-adic L-function associated to F and η (when η is even), say
L ∈ Frac(I[[S]]), verifying the following interpolation property: For P above
(1 + T − uk) and Q = (1 + S − ul) satisfying −k ≤ l ≤ 0, we have
L(P,Q) = ⋆E(k, l)
L(1 − l, Ad(ρfk )⊗ η−1ωl)
(2iπ)−2lΩ(fk)
for a constant ⋆, E(k, l) a simple Euler factors at p and Ω(fk) = (2i)
k+1π2 <
fk, fk > with fk the newform associated to F mod P . If H annihilates the
congruence module associated to F , it is proven in [14] that H×L ∈ I[[S]].
Moreover if ηp (the p-component of η) is trivial ad
0(ρF ) and ǫF = ω2, there
is a trivial zero in (S) since E(k, l) vanishes on the line l = 0. We denote
by Lad0(ρF )⊗η˜−1 ∈ I[[S]] the product of L and the characteristic ideal of the
congruence module of F ( that we divided by S in the case ηp trivial and
ǫF = ω2). Any generator interpolates up to a p-adic unit the critical values
divided (2iπ)−2lΩHida(fk) where ΩHida(fk) is the Hida’s normalization (cf.
[11]) of the Deligne’s period Ω(fk) associated to fk.
Let p∗ = p(−1) p−12 . the Main conjecture formulated by Greenberg in [8]
asserts:
Conjecture 0.1 Assume ρ¯F restricted to Gal(Q¯/Q(
√
p∗)) is absolutely ir-
reducible, then we have the equality
Lad0(ρF )⊗η˜−1 = Fad0(ρF )⊗η˜−1
In this article, we are setting up a strategy to prove one divisibility to-
wards that conjecture. The idea is to introduce a third characteristic ideal
we call Eis(F , η) containing informations on the congruences between cus-
pidal Siegel modular forms and the Eisenstein series constructed ”inducing”
F ⊗ η˜ from the Klingen parabolic subgroup to GSp4 and to prove the two
divisibilities:
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(i) Eis(F , η) | Fad0(ρF )⊗η˜−1
(ii) Lad0(ρF )⊗η˜−1) | Eis(F , η)
In [19], it is explained how one can prove the above conjecture if ηp is trivial
and ǫF = ω2) from the divisibility Lad0(ρF )⊗η˜−1 |Fad0(ρF )⊗η˜−1 by using the
results of Hida [15] and Greenberg-Tilouine [9]. Let us now state the main
result of this paper.
Theorem 0.1 Under some hypothesis (see theorem 3.5 for a precise state-
ment), the following divisibility holds:
Eis(F , η) | Fad0(ρF )⊗η˜−1
Actually, we give a more general result including the case of one variable
Selmer group attached to the cyclotomic deformations of the adjoint Galois
representation associated to a modular form. The second divisibility is the
subject of a subsequent paper (cf. [32]) and is motivated by the fact that
constant terms of the Klingen type Eisenstein series are expressed in terms
of the critical values interpolated by Lad0(ρF )⊗η˜−1 .
As written above, we make use of congruences between cuspidal Siegel
modular forms and Klingen-type Eisenstein series in order to construct suf-
ficiently indecomposable Galois modules with suitable semi-simplification.
The Eisenstein ideal is constructed by the usual way as an ideal of the
universal ordinary Hecke algebra for GSp4 whose properties have been de-
veloped by J. Tilouine and the author in [28] (cf. section 2).
The construction of the non trivial extension uses the existence of the
4-dimensional Galois representations associated to the cuspidal representa-
tions of GSp4(AA) recently proven by R. Weissauer. The point is that the
Galois representations associated to the Eisenstein series are reducible while
those associated to cuspidal representation (if they are neither CAP nor En-
doscopic) have to be absolutely irreducible. This last point is still unproven
in general. However, we have been able to prove it (see theorem 3.3) in our
situation thanks to the Taylor-Wiles’theorem (actually Diamond’s improve-
ment cf. [4]) asserting that an ordinary deformation of a modular Galois
representation is modular.
Once we know the irreducibility of these Galois representations, the sec-
ond step is to use the congruence property to construct non split exact
sequences of type
0→ ρF ⊗ I[[S]]P /P r →M → ρF ⊗ η˜ ⊗ I[[S]]P /P r → 0
Then the non-splitness enable us to construct cocycles in our Selmer group.
This is what Mazur and Wiles did in their proof of the main Iwasawa con-
jecture for Q (and the Wiles’generalization to totally real fields). However,
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their method used the abelian context and could not be generalized here.
Therefore we needed to produce these extensions in a totally different way
(see section 1).
The expected properties of the constructed cocycles result from the prop-
erties of the Galois representations we use. On the one hand, we assume
temporarily that the p-adic Galois representations associated to p-ordinary
cuspidal representations are ordinary (see paragraph 3 for a discussion of
what it is know for the local properties at p of these Galois representations).
On the other hand, we ask that they take values in GSp4(Q¯p) in order to get
a cocycle with trace zero. By our irreducibility result, it is easy to see these
representations respect a skew-symmetric or a symmetric bilinear form, but
we do not know yet how to exclude this last case in general. A discussion of
that question is made at the end of paragraph 3.2.
It seems that this approach can be developed in many situations. As an
other example, one can expect seriously that considering the group GL(3)
one can get similarly results for the Selmer group of the standard Galois rep-
resentation associated to ordinary Hilbert modular forms considering cusp-
idal representations of GL(3)/F congruent to Eisenstein series associated to
a maximal parabolic. We note also that the results of the first part of this
paper suggests that a general theory of Eisenstein Ideal and of deformations
of reducible Galois representation can be developed in order to give system-
atically lower bound for more general Selmer groups. These considerations
are developped in [33] and [34].
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1 Residually reducible representations on local
rings
1.1 Residually reducible representations on lattices.
We now give now a variant of the result of [31] we need in the last section
of this article. For that purpose, we introduce the following notations:
Let B be a henselian, generically etale and reduced local commutative
algebra which is finite over a discrete valuation ring O. We denote by MB
(resp. κB, B˜ and FB ) the maximal ideal of B (resp. the residue field, the
normalization and the total ring of fractions of B). Since B is reduced, we
can embed it in the product of its irreducible components:
B ⊂ B˜ =
∏
x
Ox ⊂
∏
x
Fx = FB
with Fx the field of fractions of the irreducible component Ox.
Theorem 1.1 Let R be a B-algebra and ρ be an absolutely irreducible repre-
sentation of R on FnB such that there exist two representations ρi for i = 1, 2
in Mni(B) and I ⊂ B a proper ideal of B such that:
(i) The coefficients of the characteristic polynomial of ρ belongs to B.
(ii) The characteristic polynomials of ρ and ρ1⊕ ρ2 are congruent modulo
I.
(iii) ρ¯1 and ρ¯2 are absolutely irreducible
(iv) ρ¯1 6= ρ¯2
Then there exists a R-stable B-lattice L in FnB and a finitely generate B-
submodule T of FB such that we have the following exact sequence:
0 // ρ1 ⊗ T /I.T // L ⊗ B/I // ρ2 ⊗ B/I
uu
s
// 0
where s is only a section of B/I-module. Moreover L has no quotient iso-
morphic to ρ¯1.
Proof: For each x, let us denote by Mx the maximal ideal of Ox. Let
ρx be the representation on F
n
x deduced from ρ. Of course, it is absolutely
irreducible by our hypothesis. Let now Lx be a stable Ox-lattice of Fnx
(which exists since by (i) the trace of ρx takes values in Ox; this can be seen
easily by arranging the proof of lemma 6 of [24]) and consider a minimal
stable sublattice of Lx such that Lx ⊗ Ox/Mx contains a stable subspace
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isomorphic to ρ¯1; the latter exists because characteristic polynomials of ρx
and ρ1 ⊕ ρ2 are congruent modulo Mx. Taking a suitable Ox-basis of Lx,
we can get a representation:
ρx : R→Mn(Ox) such that ρ¯x(r) =
(
ρ¯1(r) ⋆
0 ρ¯2(r)
)
.
We then set ρB˜ = (ρx)x which takes values in Mn(B˜) and
ρ¯B˜(r) =
(
ρ¯1(r) ⋆
0 ρ¯2(r)
)
∈Mn(B˜/Rad(B˜)).
If r0 ∈ R is such that the characteristic polynomial of ρ¯(r0) has exactly n
different roots in κB, by the Hensel lemma the characteristic polynomial of
ρB˜(r0) has n roots α1, . . . , αn in B which are different modulo the maximal
ideal and thus we can assume (as in the proof of Theorem of [31]) that
ρB˜(r0) = Diag(α1, . . . , αn) and the sub-B-module of Mn(B˜) generated by
the powers of ρB˜(r0) is exactly the set of diagonal matrices with entries in
B. For each i, 1 ≤ i ≤ n, we can thus choose si ∈ R such that
ρB˜(si) = E(αi) = Diag(0, . . . , 0, 1, 0, . . . , 0)
where 1 is at the i-th position. Of course, E(αi) is the projector of the
eigenspace of r0 associated to the eigenvalue αi. There exist also elements
r1, r2 ∈ R such that
ρB˜(r1) = E1 =
(
1n1 0
0 0
)
and ρB˜(r2) = E2 =
(
0 0
0 1n2
)
.
Let R act on B˜n via ρB˜ and consider (ε1, . . . , εn) its canonical basis. We
define L as the B-sublattice of B˜n generated by ρB˜(r).εn when r varies in R.
By construction, L is stable by the action of R and therefore is stable by the
idempotents Ei. If we set Li = Ei(L) then we have trivially L = L1 ⊕ L2.
Lemma 1.1 L2 is free of rank n2 over B.
Proof: By definition of L2, one can see that L2 ⊗B κB is generated by(
0 0
0 ρ¯2(r)
)
(ε¯n), ∀r ∈ R
and is therefore equal to κB.ε¯n1+1⊕ . . .⊕κB.ε¯n. For each i ∈ {n1+1, . . . , n},
let ε′i ∈ L2 such that ε¯′i = ε¯i. Then by Nakayama’s lemma L2 = B.ε′n1+1 +
. . .+B.ε′n. Moreover this sum is direct since L2⊗FB is of rank n2 = n−n1
over FB.
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Lemma 1.2 The following map of B-modules is surjective:
R → HomB(L2,L1)
r 7→ ResL2(E1 ◦ ρB˜(r))
Proof: By Nakayama’s lemma, we just have to prove that
R⊗B κB → HomκB(L2 ⊗B κB,L1 ⊗B κB) ∼=
n⊕
i=n1+1
HomκB(κB.ε¯i,L1 ⊗B κB)
is surjective. By construction of L, one sees immediately that the image
projects surjectively on the last factor. If x is any element of Since ρ¯2 is
absolutely irreducible, for all i ∈ {n1+1, . . . , n}, there exist si ∈ R such that
ρ¯B˜(r2si).ε¯n = ρ¯2(si).ε¯n = ε¯i and thus the image projects also surjectively on
the other factors. Therefore considering r 7→ ResL2(E1 ◦ ρB˜(rsi)), one sees
easily that the image contains the i-th factor for all i.
Using the trace. We are going to use the same method of the proof of
the theorem of [31]. Thanks to the decomposition L = L1 ⊕ L2, we can see
ρL = ρB˜|L by blocks in the following manner:
ρL(r) =
(
Ar Br
Cr Dr
)
with
Ar = ResL1(E1 ◦ ρB˜(r)) ∈ HomB(L1,L1)
Br = ResL2(E1 ◦ ρB˜(r)) ∈ HomB(L2,L1)
Cr = ResL1(E2 ◦ ρB˜(r)) ∈ HomB(L1,L2)
Dr = ResL2(E2 ◦ ρB˜(r)) ∈ HomB(L2,L2)
Moreover, viewing these morphisms of B-modules, as matrices with entries
in FB, one can compute the traces of Ar, Dr and ρL(r).
Lemma 1.3 For all r ∈ R, tr(Ar) ∈ B and tr(Dr) ∈ B. Moreover, for all
r ∈ R we have:
tr(Ar) ≡ tr(ρ1(r)) mod I
tr(Dr) ≡ tr(ρ2(r)) mod I
tr(CrBs) ≡ tr(CsBr) mod I
Proof: Let us prove it for Ar. We just have to remark that tr(Ar) =
tr(E1ρB˜(r)E1) = tr(ρB˜(r1rr1)) ∈ B. The congruences can be proven in the
same manner of the proof of theorem of [31]( statements (Tr1) and (Tr2)).
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We prove now by induction on j ≥ 1 that Cr ∈ HomB(L1, (MjB+ I)L2).
It is obvious for j = 0. Assume that it is true for j and let us prove it for
j + 1.
First Step: Let r ∈ Ker(ρ⊗ κB). Then Cr ∈ HomB(L1, (Mj+1B + I)L2)
Proof: Since r ∈ Ker(ρ⊗ κB), we have Br(L2) ⊂MB.L1, therefore for all
s ∈ R by our induction hypothesis we have:
CsBr(L2) ⊂ Cs(MB.L1) =MB.Cs(L1) ⊂ (Mj+1B + I).L2.
By lemma 1.3, we thus have tr(CrBs) ∈ Mj+1B + I for all s ∈ R. Let
m ∈ L1, we want to prove that Cr.m ∈ (Mj+1B + I)L2. Let us write Cr.m =∑n
i=n1+1 αi.ε
′
i (with αi ∈ B). For each i ∈ {n1 + 1, . . . , n}, by lemma 1.2,
there exists ti ∈ R such that Bti(ε′i) = m and Bti(ε′i′) = 0 if i′ 6= i. Then
αi = tr(CrBti) ∈Mj+1B + I.
Second Step: We proceed as in the second part of the proof of the the-
orem of [31] in order to prove that Cr ∈ HomB(L1, (Mj+1B + I)L2) for all
r ∈ R. Consider Imρ⊗κB ⊂ Hom(L⊗κB,L⊗κB). We denote by A¯r, B¯r,...
the projections of ρ¯(r) on Hom(L1 ⊗ κBr,L1 ⊗ κBr), Hom(L2 ⊗ κBr,L1 ⊗
κBr),...These maps induce (by using the projectors E1 and E2) a decompo-
sition Imρ⊗κB = (Imρ⊗κB)11⊕(Imρ⊗κB)12⊕(Imρ⊗κB)21⊕(Imρ⊗κB)22
and we will denote an element of this image by a matrix
(
A¯ B¯
C¯ D¯
)
with
A ∈ (Imρ⊗ κB)11, B ∈ (Imρ ⊗ κB)12...From the first step, we have a map
Φ from Imρ ⊗ κB to HomB(L1, (MjB + I)L2/, (Mj+1B + I)L2) induced by
r 7→ Cr. Moreover by the relation Crs = CrAs +DrCs, we see that
Φ(
(
A¯ B¯
C¯ D¯
)(
A¯′ B¯′
C¯ ′ D¯′
)
) = φ(
(
A¯ B¯
C¯ D¯
)
) ◦ A¯′ + D¯ ◦ Φ(
(
A¯′ B¯′
C¯ ′ D¯′
)
)
By using the fact that Φ(ρ¯(r1)) = Φ(ρ¯(r2)) = 0 and the above relation, it is
then easy to see that Φ = 0 and the induction is proved for j + 1.
The consequence of that fact is that L1 ⊗B/I is stable by the action of
R and the action on the quotient (L ⊗ B/I)/(L1 ⊗ B/I) is isomorphic to
ρ2 ⊗ B/I by Carayol’s Theorem and lemma 1.3. In order to conclude the
proof of our theorem, let us examine the action on L1 ⊗ B/I.
Lemma 1.4 The B-modules L1(αi) = E(αi)L1 = Ker(ρB˜(r0)− αiId) ∩L1
for i ∈ {1, . . . , n1} are mutually isomorphic.
Proof: Recall that for all i, ρB˜(si) is the matrix having zero everywhere but
a 1 at the entry (i,i). For i, i′ ∈ {1, . . . , n1}, there exist by irreducibility of
ρ¯1 an element τi,i′ ∈ R such that ρ¯B˜(τi,i).ε¯i = ε¯i′ . Then taking ρB˜(si′τi′,isi),
we get φi,i′ a morphism L1(αi) into L1(αi′). By our choice of the τi′,i’s,
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φi,i′ ◦ φi′,i is the identity on Ker(ρB˜(r0) − αiId) ⊗ κB and thus is bijective
on Ker(ρB˜(r0) − αiId); since it respects L1(αi) it is an automorphism of
L1(αi). Therefore the φi,i′ are isomorphisms.
Let us set T = L1(α1) and fix an isomorphism L1 ⊗ B/I ∼= (T /IT )n1 ,
and consider the non-commutative artinian algebra E = EndB/I(T /IT )
denoting by θ the canonical homomorphism of algebra B/I → E . Then
the action of R on L1 ⊗ B/I gives us a representation ρ′1 in Mn1(E) such
that tr(ρ′1(r)) ∈ θ(B/I) is defined for all r ∈ R and such that tr(ρ′1(r)) =
θ(tr(ρ1(r))) for all r ∈ R. Then by a simple generalization of Carayol’s
theorem (cf. proof 1.1.2 of [3]), we get that
L1 ⊗ B/I ∼= ρ1 ⊗ T /IT .
This point finishes the proof of theorem 1.1.
1.2 Applications to representations in GSp4.
Let
GSp4 = {g ∈ GL4; tgJg = ν(g)J} where J =
(
02 −12
12 02
)
.
Let G be a group and ρ be an absolutely irreducible representation of G
in GSp4(FB) and let νρ be the composite of ρ and the multiplier character
of GSp4. Assume that there exist a representation ρ0 : G → GL2(B), a
character ν0 : G→ B× and I ⊂ B an ideal of B such that:
(i) The coefficients of the characteristic polynomial of ρ belongs to B.
(ii) The characteristic polynomials of ρ and ρ0 ⊕ tρ−10 ⊗ ν0 are congruent
modulo I.
(iii) ρ¯0 is absolutely irreducible
(iv) ν¯0 6= det(ρ¯0)
Then by theorem 1.1, there exists a ρ(G)-stable B-lattice L = L1⊕L2 in F 4B
and a finitely generated B-submodule T of FB such that L1 ∼= B2 ⊗ T and
L1 ∼= B2 such that the exact sequence of B-module
0→ L1 → L→ L2 → 0
gives us modulo I the following exact sequence of B[G]-module.
0 // V (ρ0)⊗ T /I.T // L ⊗ B/I // V (tρ−10 ⊗ ν0)⊗ B/I
ss
s
// 0
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where V (ρ0) = B2 with G-action given by ρ0. Here s is not G-linear; more
precisely we know that L has no quotient isomorphic to ρ¯0.
Let φ be a ”νρ-invariant” skew-symmetric FB-valued bilinear form on F 4B
(it exists since ρ takes values in GSp4(FB)) and let us consider the restric-
tion φL of φ to L ⊗B L and set S = φL(L ⊗B L). Then we have:
• φL(L1⊗L1) ⊂ I.S: Indeed, let v,w ∈ L1 and σ0 ∈ G such that det(ρ0(σ0)) 6≡
ν0(σ0);modMB. Then ν0(σ0)φL(v,w) ≡ νρ(σ0)φL(v,w) = φL(σ0.v, σ0.w) ≡
det(ρ¯0(σ0))φL(v,w) mod I.S, thus φL(L1 ⊗B L1) ⊂ I.S. By similar argu-
ments, we can prove that:
• φL(L2 ⊗ L2) ⊂ I.S + φL(L1 ⊗ L2).
• Study of φL(L1⊗L2): Let σ1 ∈ G such that ρ0(σ1) has two eigenvalues α1
and α2 in B which are distinct modulo MB. By the above exact sequence,
there exist e1, e2 ∈ B2 such that L1 = B.e1 ⊗ T ⊕ B.e2 ⊗ T and such that
σ1.ei ≡ αi.ei mod. I.L1. There exists also a basis (e′1, e′2) of L2 such that
σ1.e
′
i ≡ ν0(σ1)α−1i .e′i mod. I.L2 + L1. Then for all t ∈ T ,
ν0(σ1)φL(e1 ⊗ t, e′2) ≡ νρ(σ1)φL(e1 ⊗ t, e′2) =
φL(σ1.e1 ⊗ t, σ1.e′2) ≡ α1ν0(σ1)α−12 φL(e1 ⊗ t, e′2)
and thus φL(e1 ⊗ t, e′2) ∈ I.S since α1α−12 6≡ 1 mod. MB (and also φL(e2 ⊗
t, e′1) ∈ I.S). Let now be σ2 ∈ G such that
Mat(e1 mod. I.L,e2 mod. I.L)(σ2) =
(
a b
c d
)
with bc /∈ MB (it is possible since ρ¯0 is absolutely irreducible). After mul-
tiplying (if necessary) e′1 and e′2 by suitable elements of B, we have also:
Mat(e′1 mod. I.L,e′2 mod. I.L)(σ2) =
ν0(σ2)
ad− bc
(
d −c
−b a
)
.
then, for all t ∈ T
ν0(σ2)φL(e1 ⊗ t, e′1) ≡
φL(a.e1 ⊗ t+ c.e2 ⊗ t, ν¯0(σ2)ad−bc (d.e′1 − b.e′2)) mod. I.S
and thus φL(e1 ⊗ t, e′1) ≡ φL(e2 ⊗ t, e′2) mod. I.S since bc /∈MB. Therefore
we have proven that S = φL((e1⊗T ), e′1)+ I.S. By Nakayama’s lemma, we
thus have S = φL((e1 ⊗ T ), e′1) ∼= T by the isomorphism t 7→ φL(e1 ⊗ t, e′1).
Considering φL modulo I, we get from the above discussion the following:
Proposition 1.1 There exists a skew-symmetric T /IT -valued bilinear form
φ¯ on L/IL such that
φL(g.v, g.w) = ν0(g)φL(v,w)
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Moreover V (ρ0)⊗T /I.T and s(V (tρ−10 ⊗ ν0)⊗B/I) are isotropic for φ¯ and
φ¯(
(
t1
t2
)
,
(
s(b1)
s(b2)
)
) = b1.t1 + b2.t2
for all
(
t1
t2
)
∈ V (ρ0)⊗ T /I and
(
b1
b2
)
∈ V (tρ−10 ⊗ ν0)⊗ B/I.
2 The Eisenstein-Klingen Ideal
We begin by giving some review on the ordinary universal Hecke algebra for
GSp4/Q studied in [27],[28].
2.1 Notations and definitions
Let A (resp. Af ) be the ring of adeles (resp. of finite adeles) of Q.
Let
G = GSp4 = {g ∈ GL4; tgJg = ν(g)J} where J =
(
02 −12
12 02
)
and G′ = Sp4 its derived subgroup.
Let us introduce the standard Borel subgroup of GSp4:
B = {

× × × ×
0 × × ×
0 0 × 0
0 0 × ×
 ∈ GSp4}
Let U be the unipotent radical of B and T be the maximal torus contained
in B. For any elements a, b, c in any ring A, we put
[a, b; c] = Diag(a, b, ca−1, cb−1) ∈ T (A)
For m,n ∈ Z we define the algebraic character χ(m,n) of T by:
χ(m,n)([a, b; c]) = a
mbn.
It is called dominant (resp. Klingen-regular dominant, Siegel-regular domi-
nant or regular dominant) if m ≥ n ≥ 0 (resp. m ≥ n > 0 ,m > n ≥ 0 or
m > n > 0).
Definition 2.1 An OK-valued character χ of T (Zp) will be called arithmetic
of level pr of weight (m,n), if it is equal to χ(m,n) on the kernel of T (Zp)→
T (Z/prZ). That means that χ = χ(m,n) × ǫ where ǫ is a finite character of
level pr.χ(m,n) is called the algebraic part of χ and is denoted by χ
alg.
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2.2 p-Ordinary cohomology of the Siegel threefold
Let K∞ be the stabilizer of the map h : C× −→ G(R) given by
h(x+ iy) =
(
x12 y12
−y12 x12
)
.
and K ′∞ = K∞ ∩G′(R). For any compact open subgroup V of G′(Af ), we
consider the connected Siegel threefold:
X(V ) = G′(Q)\G′(A)/K ′∞.V
For r ≥ 1, we set
U1(Np
r) = {γ ∈ G′(Zˆ) such that γ mod pr ∈ UB(Z/prZ)}
U0(Np
r) = {γ ∈ G′(Zˆ) such that γ mod pr ∈ B(Z/prZ)}
For any module L over which G′(Zp) acts linearly, one considers its asso-
ciated local system as the shief of locally constant sections of the following
cover:
G′(Q)\G(A) × L/K ′∞.V → G′(Q)\G(A)/K ′∞.V = X(V )
where γ.(g,m).(k∞, v) = (γ.g.(k∞, v), v−1.m).
We describe now the modules we are interested in. We fix K a finite
extension of Qp and let OK (resp. ̟ and κ) be the ring of integers in K
(resp. a uniformizing element and the residue field of OK). The algebraic
representation of G/Qp of highest weight χ(m,n) can be describe as:
L(m,n)(K) = {f : G(Qp)→ K; f(tg) = χ(m,n)(t−1)f(g)},
the action being given by (γ.f)(g) = f(γ−1g).
Let I be the Iwahori subgroup of G(Qp) (i.e. the elements g of G(Zp)
such that g mod p belongs to B(Z/pZ)).
For any OK -valued arithmetic character χ of level p
r and weight (m,n),
we consider the following integral structure of the above representation space
L(m,n)(K):
Lχ(OK) = {f ∈ L(m,n)(K); f(I) ⊂ OK}
where the subscript χ means that the natural induced action of I is twisted
by the finite character ǫ for which χ = χ(m,n) × ǫ.
Then we will denote by Lχ the local system associated to the represen-
tation Lχ = Lχ(OK)⊗OK K/OK ..
For Ur = U0(Np
r) or U1(Np
r), we are interested in the cohomology
H3! (X(Ur);Lχ) where H! means the image of compact support cohomology
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in the total cohomology. More Precisely, we can study only the ordinary
part of that cohomology. Let us now define this notion in that context. We
consider the double classes
T1,p = Ur[1, 1; p]Ur
T2,p = Ur[1, p; p
2]Ur
Since Lχ is a cofinite OK -module over which [1, 1; p] and [1, p; p
2] act, the
above double classes act on the cohomology of Lχ and we can consider the
ordinary idempotent (cf. [27] and [28]) acting on the cohomology we are
interested in
ep = lim
n→∞(T1,pT2,p)
n!
and set
Vχ(Npr) = ep.H3! (X(U0(Npr));Lχ)
and
V = V(N) = lim
−→
r
ep.H
3
! (X(U1(Np
r)); ˜K/OK)
We let act T ′(Zp) on these groups by the double classes < t >= [UrtUr] for
all t ∈ T ′(Zp). For any arithmetic character χ, we set
V[χ] = {v ∈ V; t.v = χ(t)v ∀t ∈ T ′(Zp)}
By the results of [28], we have:
Theorem 2.1 Let χ be an arithmetic OK-valued characters of T (Zp) of
level pr. If χ is dominant and regular, then the canonical following map is
an isogeny.
Vχ(Npr)→ V[χ]
The decomposition Z×p = µp−1× (1+ pZp) yields a decomposition T ′(Zp) =
∆×W where ∆ is the torsion part of T ′(Zp) andW is rank 2 over Zp. Then
we set Λ = OK [[W ]] and Λ = OK [[T
′(Zp]] = Λ[∆]. If we fix u a topological
generator of (1 + pZp) ⊂ Z×p and set T1 = [u, 1; 1]− 1 and T2 = [1, u; 1] − 1,
we can identify Λ to the 2-variable power series ring OK [[T1, T2]].
Corollary 2.1 V(N) = V(N)∗ = HomZp(V(N);Qp/Zp) is of finite type
over Λ.
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2.3 The p-ordinary universal Hecke algebra
Let ω : Z×p → Z×p be the Teichmu¨ller character. We set for any z ∈ Z×p and
any variable S :
< z >S= (1 + S)
logp(zω(z)
−1)
logp(u) ∈ Zp[[S]].
For any character ξ of a group Γ in Z×p , we denote by < ξ >S the composite
of < − >S ◦ξ.
For any arithmetic character χ, we denote by Pχ (resp. Pχ) the kernel
of the canonical homomorphism from Λ (resp. from Λ) into OK induced by
χ, and ωm,n the restriction of χ(m,n) to ∆ ( note that it depends only on the
class of (m,n) in (Z/(p − 1)Z)2).
Definition 2.2 (i) An irreducible closed subscheme Spec(A) of Spec(Λ) is
called arithmetic if and only if Spec(A)(Q¯p) ⊂ Spec(Λ)(Q¯p) contains at
least (in Spec(A)) one arithmetic point. It is called ?-regular if Spec(A)(Q¯p)
contains at least one arithmetic ?-regular point.
(ii) Any finite and flat irreducible scheme Spec(J) over an arithmetic
(resp. arithmetic ?-regular) irreducible closed subscheme of Spec(Λ) will be
called arithmetic (resp. arithmetic ?-regular).
For any ℓ 6 |Np, we consider the double classes
Tℓ = Ur[1, 1; ℓ]Ur
Rℓ = Ur[1, ℓ; ℓ
2]Ur
Sℓ = Ur[ℓ, ℓ; ℓ
2]Ur
As it is well known, these double classes act on Vχ(Npr) and V(N). We de-
note by hχ(Np
r) ( respectively h = h(N)) theOK-algebra of EndOK (Vχ(Npr))
( respectively EndOK (V(N))) generated by the image of Tℓ, Rℓ, Sℓ and < t >
for all ℓ 6 |N and t ∈ T ′(Zp). We set hχ(Npr;K) = hχ(Npr) ⊗K. We will
consider also R(N ;OK) the abstract Hecke algebra generated over OK by
the variables Tℓ, Rℓ, Sℓ and < t > for all ℓ 6 |N and t ∈ T ′(Zp).
Corollary 2.2 Let χ be an arithmetic OK-valued characters of T
′(Zp) of
level pr and weight (m,n). If χ is dominant and sufficiently regular, and let
P = Pχ,
h⊗ (Λ)P /P → hχ(Npr;K)
is surjective and its kernel is contained in the radical of h⊗ (Λ)P /P .
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It is a classical fact that if λ is a character of the Hecke algebra hχ(Np
r;K)
in K there exists a cohomological irreducible cuspidal representation of
GSp4/Q of cohomological weight χ
alg of level Npr whose Langlands’ pa-
rameters at ℓ 6 |Np are given by the roots of the polynomial λ(Qℓ) where
Qℓ = X4 − TℓX3 + ℓ(Rℓ + (1 + ℓ2)Sℓ)X2 − ℓ3TℓSℓX + ℓ6S2ℓ
Such a representation is called associated to λ. Conversely, such a represen-
tation π give us a character of the Hecke algebra R(N,OK) noted λπ such
that π is associated to λπ. In that case, π will be called p-ordinary if λπ
factorizes through hχ(Np
r;K) for some r, N and χ.
Let J be a finite and flat extension of Λ. If J is an irreducible component
of the Hecke algebra h(N), we denote by λJ the corresponding character of
h(N). For (a, b) ∈ (Z/(p− 1)Z)2, we say that J is of nebentypus ωa,b if J is
an irreducible component of h[ωa,b], the ωa,b part under the action of ∆ on
h. Therefore from corollary 2.2, we deduce easily:
Corollary 2.3 Let J be as above. For any prime P of J above Pχ for
dominant and sufficiently regular χ of level pr, λJ mod. P factorizes through
a character of hχ(Np
r;K). i.e. There exists a character λχ such that the
following diagram commutes:
h(N)

//
λJ
J

h(N)⊗ (Λ)Pχ/Pχ //

JP /P
h
χω
−1
m,n
(Npr ;K) //
λχ
JP /P
Corollary 2.4 Let Spec(A) be an irreducible arithmetic closed subscheme
of Spec(Λ). Let FA be the field of fractions of A, then h⊗FA is semisimple.
Proof: We have to prove that any nilpotent element of h ⊗ A is torsion.
Let T be such an element and Pχ an arithmetic points of SpecA. Suppose T
is not torsion. Then we can assume that T.V ⊗A 6∈ Pχ.V ⊗A. However the
Hecke operators act semi-simply on Vχ(Np
r) ⊗ K; therefore T should act
trivially on that module. But this contredicts our assumption on T since
(V (N)⊗A/Pχ)⊗K ∼= Vχ(Npr)⊗K. Therefore T is torsion in h⊗A.
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2.4 The Eisenstein-Klingen character
First, let us recall the definition of the so-called Klingen parabolic subgroup
of GSp4.
Q = {

× × × ×
0 × × ×
0 0 × 0
0 × × ×
 ∈ GSp4}
The Levi subgroup of Q is isomorphic to Gm ×GL2 by
(e,
(
a b
c d
)
) 7→

e 0 0 0
0 a 0 b
0 0 e−1(ad− bc) 0
0 c 0 d

The proof of the following lemma is an easy computation on Langlands’parameters
associated to unramified representations.
Lemma 2.1 Let E be a non archimedean local fields. Let σE (resp. χE)
be an unramified representation of GL2/E (resp. an unramified character of
E×) and πE the Langlands quotient of Ind
G(E)
Q(E σE ⊗ χE. Then we have
L(s, πE) = L(s, σE)× L(s− 2, σE ⊗ χE)
Let now σ be a cuspidal representation of GL2/Q of level N whose
archimedean component is the discrete series representation π(k − 1, 2− k)
of GL2(R) corresponding to the Weil parametrization:
WR = Gal(C/R) ×C× → GL2(C)
z ∈ C 7→
(
z1−k|z|1/2 0
0 z¯1−k|z|1/2
)
c 7→
(
0 1
−1 0
)
.
Let ǫ be a Dirichlet character modulo N and t ∈ Z. We consider the
parabolic induction:
Ind
G(A)
Q(A)σ ⊗ ǫ|.|−tA .
If k−3 ≥ t by result of [1], the archimedean component of this induction
has a quotient isomorphic to the discrete series representation of cohomo-
logical parameters (k − 3, t; 3 − t− k). Therefore we can take a convenient
φ ∈ IndG(A)Q(A)σ ⊗ ǫ|.|−tA and form Eisenstein series:
Eφ(g) =
∑
γ∈Q(Q)\G(Q)
φ(γg)
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If Eφ converges (especially when the weight is sufficiently regular), it should
produce cohomology class for the local system L(k−3,t). Moreover, by Lemma
2.1 the corresponding character of the Hecke algebra λσ,ǫ|.|−t is such that
λσ,ǫ|.|−t(Qℓ(ℓ−s)) = L(s, σℓ)× L(s− 2, σℓ ⊗ χℓ)
We can now attach an Eisenstein ideal to a couple (F , η) where η is a
Dirichlet character of level Np and F a Hida family of cuspidal ordinary
elliptic cusp forms. Let us precise the data of that family. Let I be a
finite and flat extension of OK [[T ]]. We take F =
∑
n a(n;F )q
n an I-adic
ordinary elliptic cusp form of tame level N and nebentypus εF (cf. [13] for
more details). Then for such a couple (F , η), we consider the character λF ,η
of R(N ;OK) in I[[S]] such that:
λF ,η(Qℓ(X)) = (X2 − a(ℓ;F )X + ℓ−1εF (ℓ) < ℓ >T
×(X2 − a(ℓ;F)η(ℓ) < ℓ >S X + ℓ−1εF (ℓ) < ℓ >T η(ℓ)2 < ℓ2 >S)
and λF ,η(< [x, y; 1] >) =< x >(1+T )u−3−1< y >(1+S)u−1−1 εFω−3(x)ηω−1(y).
We look at I[[S]] as a finite flat extension of Λ via the map
Λ = O[[T1, T2]]
ι−→ I[[S]]
T1 7→ (1 + T )u−3 − 1
T2 7→ (1 + S)u−1 − 1
Then we define IEis(F ,η) as the ideal of the Hecke algebra h(N)⊗ι I[[S]] gen-
erated by 1⊗λF ,η(T)−T⊗1 for all T ∈ R(N ;OK). For any I[[S]]-algebra A,
we denote RA,Eis(F ,η) the local component of h(N)⊗ι I[[S]]⊗A correspond-
ing to the maximal ideal containing IEis(F ,η) ⊗ A and by R′A,Eis(F ,η) the
A-module RA,Eis(F ,η) divided by its A-torsion. Then we define EisA(F , η)
as the kernel of the canonical surjective homomorphism:
A −→
R′Eis(A,F ,η)
R′A,Eis(F ,η) ∩ IEis(F ,η) ⊗A
.
EisA(F , η) is what we call the Eisenstein ideal associated to A, F and η.
3 Galois Representations
3.1 Galois representation for cuspidal representation of GSp4/Q
In this section, we recall the main result of R. Weissauer about Galois rep-
resentation associated with cohomological automorphic representation of
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GSp4(A) and we prove under hypothesis over the residual representation
some results dealing with the irreducibility of such Galois representation.
Let GQ = Gal(Q¯/Q).
Theorem 3.1 R. Weissauer [35] Let π be a cohomological cuspidal repre-
sentation of weight (m,n) and level N . There exists a continuous Galois
representation:
ρπ : GQ −→ GL4(Q¯p)
unramified at prime not dividing Np such that for all ℓ 6 |Np, the character-
istic polynomial of ρπ(Frobℓ) is given by λπ(Qℓ(X)). Moreover if m(π) = 1,
then this representation respects a skew-symmetric bilinear form (i.e. ρπ
takes values in GSp4(Q¯p).
Local properties of ρπ. Let ρπ,p be the restriction of ρπ to any decom-
position group Dp at p. The only known fact about local properties of ρπ at
p is the following proposition resulting from works of Faltings, Chai-Faltings
and the construction of Weissauer.
Proposition 3.1 If π is unramified at p, then ρπ,p is crystalline.
(i) If π has cohomological weight (m,n), the Hodge-Tate weight of ρπ,p
are {m+ n+ 3,m+ 2, n + 1, 0}.
(ii) The slopes of the Crystalline Frobenius acting on the filtered φ-module
of the local representation ρπ,p are contained in the set of p-adic valu-
ations of the roots of λπ(Qp(X)).
Proof: We just give indications of the proof and will give it in details in a
subsequent paper. By Weissauer’s construction, ρπ is realized in the etale
cohomology of the Siegel variety XN of a level prime N to p. By works of
Chai-Faltings [2], XN has smooth compactifications defined over Z[ζN , 1/N ]
whose boundary is a normal crossing divisor. Therefore by the main result
of Faltings in [5], the representation of Dp on the p-adic etale cohomology
with coefficient in Lm,n(Qp) is crystalline with Hodge-Tate weights (m+n+
3,m+2, n+1, 0). The result follows from the fact that a subrepresentation
of a crystalline representation is crystalline.
The last point comes from the Hecke equivariance of the etale-crystalline
comparison isomorphism proven by the Faltings-Jordan’s arguments (cf.
[6])and the Eichler-Shimura relation on the crystalline side. Note that all
the tools needed in the generalization of their proof are given in the Siegel
variety case by theorem VI-1.1 of [2]
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Remark. When the representation π is not a weak endoscopic lift, the
fact that the four Hodge-Tate weights occur is equivalent to the stability of
the L-packet at infinity (i.e. πf ⊗ πH∞ is automorphic if and only if πf ⊗ πW∞
is automorphic too). Moreover, if the Zariski closure of the image of GQ
is of rank 3, one can see that all Hodge-Tate weights occur thanks to Sen’s
theory (cf. corollary 1 of [25]).
Corollary 3.1 Let π be a cohomological cuspidal representation of weight
(m,n) which is unramified and ordinary at p. We assume that Hodge-Tate
weights of ρπ,p are {m+ n+ 3,m+ 2, n+ 1, 0}. Then either
(i) ρπ,p is ordinary at p (i.e.
ρπ|Ip ∼

χm+n+3p × × ×
0 χm+2p × ×
0 0 χn+1p ×
0 0 0 1

where χ denotes the cyclotomic character.)
or
(ii) the slopes of filtered module of ρπ,p are exactly {m + 2, n + 1}. In par-
ticular, if m+ n+ 3 < p− 1 then ρπ,p is ordinary.
Proof: We know by proposition 3.2 of [28], that p-adic valuations of the
roots of λπ(Qp(X)) are exactly {m+n+3,m+2, n+1, 0}. So by proposition
above the slopes are contained in {m+n+3,m+2, n+1, 0}. By autoduality
of the representation, one sees that if α is a slope then a+b+3−α is a slope
too with same multiplicity. Therefore we have the following possibilities for
the slopes:
• {m+ n+ 3,m+ 2, n + 1, 0} and the representation is ordinary.
• {m+n+3, 0}. But this case is impossible because it would imply that
the Newton polygon is under the Hodge polygon.
• {m+2, n+1} which is the last case we do not know yet how to exclude.
Anyway, the slopes are integral and this implies by the Fontaine-Lafaille’stheory
that ρπ,p is ordinary when m+ n+ 3 < p− 1.
Conjecture 3.1 If π is unramified and ordinary at p, then ρπ,p is ordinary
(i.e. satisfies (3.1.(i)).
For any irreducible component J of the universal p-ordinary Hecke alge-
bra, by corollary 2.2, theorem 3.1 and example 1 of [24] there exist a finite
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extension F ′ of the field of fraction FJ of J and a unique semi-simple Ga-
lois Representation ρJ in GL4(F
′) unramified outside Np and such that the
characteristic polynomial of Frobℓ is given by :
λJ(Qℓ(X))
where λJ is the character of the Hecke algebra corresponding to J. By the
results of [28], we get the local property at p of that representation:
Theorem 3.2 Let J of nebentypus ωa,b. Assume that conjecture 3.1 is sat-
isfied, then
ρJ|Ip ∼

ξ1 × × ×
0 ξ2 × ×
0 0 ξ3 ×
0 0 0 1

with
ξ1 = (ω ◦ χp)a+b+3 < χp >u3(1+T1)(1+T2)−1
ξ2 = (ω ◦ χp)a+2 < χp >u2(1+T1)−1
ξ3 = (ω ◦ χp)b+1 < χp >u(1+T2)−1
3.2 Irreducibility of Galois representations
Definition 3.1 A cuspidal representation π of GSp4 is called a CAP (Cusp-
idal Associated to Parabolic) representation if there exist P a proper parabolic
subgroup of GSp4 and σ a cuspidal representation of the Levi subgroup of P
such that π and Ind
GSp4(A)
P (A) σ have the same Langlands parameters at almost
all primes.
The CAP representations ofGSp4 are well understood thanks to the works of
Piatetski-Shapiro and Soudry. Especially, these authors proved (explicitly)
that the CAP representations are in the image of theta correspondence.
From their works, one can deduce easily by calculation of the theta lifting at
infinity the following proposition. It is also a direct consequence of Theorem
2.5.6 of Harris (cf. [10]).
Proposition 3.2 Let π be a cohomological representation of weight (m,n).
Assume that π is a CAP associated to the Klingen parabolic subgroup (resp.
to the Siegel parabolic subgroup). Then n = 0 (resp. m = n).
Definition 3.2 A cuspidal representation π of GSp4 is called a weak en-
doscopic lift, if there exist two cuspidal representations σ1, σ2 of GL2 with
same central character and such that the Langlands’parameters of π are the
union of those of σ1 and σ2 at almost all primes.
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It is clear that the representation ρπ is reducible in the CAP and endo-
scopic case. It is conjectured that outside these two cases the representation
ρπ is absolutely irreducible. We prove a partial result towards this conjec-
ture in the following. In order to do this we start by stating a very simple
(but useful) variant of the discussion of the paragraph 2 in [25].
Lemma 3.1 Let k be a field and G be a group. Let ρ be a reducible rep-
resentation of G in GL4(k) and let νρ be a character of G such that the
eigenvalues of ρ(g) come in pairs of the form {α, νρ(g)α−1}. Let Hρ be the
Zariski envelope of the image of the semisimplification of ρ in GL4(k), then
we are in one of the following cases:
1. Hρ embeds in (GL2 × GL2)0 = {(g1, g2) ∈ GL2 × GL2 det(g1) =
det(g2)} the endoscopic group of GSp4. If we write ρρ = τ1,ρ⊕ τ2,ρ we
have det(τ1,ρ) = νρ for i = 1, 2 and τ1,ρ is not isomorphic to τ2,ρ.
2. Hρ embeds in GL2 ×Gm, we denote by τρ the composite of the com-
ponent in GL2 and the standard representation of GL2 and ξρ the non
trivial character corresponding to the component of ρ in Gm. Then we
have two possibilities:
(i) ρss = τρ ⊕ τρ ⊗ νρdet(τρ)−1 (the Siegel Parabolic case); here ξρ =
νρdet(τρ)
−1.
(ii) ρss = τρ ⊕ ξρ ⊕ ξ−1ρ νρ with det(τρ) = νρ(the Klingen Parabolic
case).
3. Hρ embeds in GL2, we denote by τρ the corresponding standard repre-
sentation. Then we have two possibilities
(i) ρss = τρ ⊕ τρ.
(ii) ρss = τρ ⊕ 1⊕ det(τρ).
4. Hρ embeds to G
r
m for r = 1, 2, 3 (the Borel case).
5. Hρ embeds in GL2, we denote by τρ the corresponding standard repre-
sentation then ρss = Sym2(τρ)⊕ 1
Of course, the representation ρπ verifies the conditions of the above lemma
if we take for νρpi the Galois character associated to the central character of
π by Class Field Theory. Moreover, by some arguments taking into account
the Hodge-Tate structure of ρπ, the case 5 can be excluded (cf. paragraph
2 of [25]).
Let k = F¯p with an odd prime p. For any representation ρ of GQ in
GL4(k) as in Lemma 3.1 such that Hρ is in cases 1,2 or 3 above, we consider
the following modularity condition:
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(Mod ρ¯) The Galois representation(s) in GL2(F¯p) interfering in ρ¯ are mod-
ular (in the sense of Serre) and irreducible on Gal(Q¯/Q(
√
p∗)).
By continuity of ρπ, there exists a Galois stable lattice L in the 4-
dimensional Q¯p-space of ρπ. Therefore we can consider the residual rep-
resentation
ρ¯π : GQ −→ GL4(F¯p)
given by the Galois action on L⊗ F¯p. If ρ¯π was known to be irreducible, ρπ
would be trivially irreducible. Hence we are interesting in the case where ρ¯
is reducible.
Theorem 3.3 Let π be a cuspidal cohomological representation of GSp4/Q
with central character ωπ such that ρπ is reducible. Assume (Mod ρ¯π). If
ρπ,p is ordinary and if ρ¯π is not in case 4, then π is a weak endoscopic lift
or a CAP representation.
In fact we can be a little more precise. If ρ¯π is in case 1 (resp. in case 2),
then π is a weak endoscopic lift (resp. is a CAP representation associated
to the Siegel parabolic subgroup in case 2.(i) and to the Klingen parabolic
subgroup in the case 2.(ii)).
Proof: Firstly let us assume that ρπ is in the case 2.(i) or 3.(i); we thus
have τρ¯ ∼= τ¯ρ. Then obviously ρ¯π will be in the case 2.(i) or (iii). By our
assumption, τ¯ρ is modular and τρ is ordinary (as a subrepresentation of an
ordinary representation. By Taylor-Wiles’theorem (cf. [37], [26]) and its
improvement by F.Diamond (cf. Theorem 5.3 of [4]), we deduce that τρ is
modular; hence is associated with a cuspidal representation σ of GL2/Q.
Therefore, we see from proposition 2.1 that π and Ind
GSp4(A)
Q(A) σ ⊗ ωπ|.|2A
have the same Langlands’parameters at almost all primes i.e. π is a CAP
representation for the Klingen parabolic subgroup. For ρπ in the case 2.(ii)
or 3.(ii) cases, we would get by the same way that π is CAP for the Siegel
parabolic subgroup.
Let us assume now that ρπ is in case 1. By the same sort of arguments,
we see then that τ1,ρpi and τ2,ρpi are modular and thus π is a weak endoscopic
lift.
Now we are viewing the situation for ρ¯: If ρ¯π is in the case 2.(i), then
ρπ is in case 2.(i) and π is CAP by the previous discussion. If ρ¯π is in the
case 3.(i), then ρπ is in case 2.(i), 3.(i) or 1. In the two first case, we deduce
again that π is CAP, but in the third (case 1), π is a weak endoscopic lift.
The other cases, can be deduced similarly.
Definition 3.3 An irreducible closed subscheme Spec(J) is called endo-
scopic if it contains a densely populated set of arithmetic points associated
to endoscopic representations.
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Remarks: Assume that J is an irreducible component of h(N). If N = 1,
by using the Taylor-Wiles’theorem (with same hypothesis as theorem 3.3),
one can prove that there exist I1 and I2 some finite extensions of OK [[T ]]
and Ii-adic ordinary elliptic cusp form Fi for i=1 and 2, such that:
λJ(Qℓ(X)) = (X2−a(ℓ;F1)X−ℓλF1(T (ℓ, ℓ)))((X2−a(ℓ;F2)X−ℓλF2(T (ℓ, ℓ)))
In general, we are confronted to the problem of bounding the level of the
couple of elliptic modular forms associated to an endoscopic lift. However, if
ρJ is reducible one can easily prove that ρJ = ρ1⊕ρ2 with det(ρ1) = det(ρ2).
Theorem 3.4 Assume conjecture 3.1. Let Spec(J) be a Klingen-regular
(resp. Siegel-regular) irreducible closed subscheme of Spec(h(N)). If either
ρ¯J is in case 2.(i) (resp. 2.(ii)) or ρ¯J is in case 3.(i) (resp. 3.(ii)) and J is
not endoscopic.
Then ρJ is absolutely irreducible.
Proof Let us fix a stable lattice L ∈ F ′4. Let J′ the integral closure of J
in F ′. Since J is not endoscopic, there exists an arithmetic dominant and
?-regular weight ψ0 such that λJ mod Pψ0 is not endoscopic and P
′ a prime
of J′ over Pψ0 such that LP ′ is free of rank 4. Then we can consider ρJ mod
P ′ in GL4(J′P ′/P
′) that is isomorphic to ρλJ mod Pψ0 . On the other hand, by
Proposition 3.2, λJ mod Pψ0 is not CAP because ψ0 is regular. By theorem
3.2, ρλJmod P ′ is ordinary, therefore it is absolutely irreducible by theorem
3.3. Therefore ρJ is too.
We now discuss about the following conjecture:
Conjecture 3.2 For π cuspidal and cohomological, ρπ respects (up to a
multiplicative factor) a skew-symmetric form.
If we assume multiplicity one holds for a cuspidal representation π of GSp4,
this conjecture follows from the realization of these representations in the
degre 3 etale cohomology of the Siegel threefold, the isomorphism π ∼= π∗⊗
ν−1π and the existence of the cup-product. Therefore, if a representation is
quasi-equivalent (at all but a finite set of place) to a generic representation
then ρπ preserves a symplectic form. In general, we can just state the
following:
Proposition 3.3 ρJ is self dual (up to a twist). Moreover, if one irreducible
specialization of ρJ takes values in GSp4 or if ρJ is reducible, then ρJ takes
values in GSp4.
Proof: Consider νJ the Galois character in J
× unramified outside Np such
that νJ(Frobℓ) = ℓ
3λJ(Sℓ). Then we can see that by theorem 3.1 and
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corollary 2.2, we have tr(ρJ(σ)) ≡ tr(ρˇJ⊗νJ(σ)) mod Pψ for all σ ∈ GQ and
dominant regular ψ. Therefore by Brauer-Nesbitt’s theorem, ρJ ∼= ρˇJ ⊗ νJ
and therefore ρJ takes values in a similitude group for some bilinear form B.
If ρJ is irreducible, a standard argument proves that B is either symmetric
or skew-symmetric. If B mod Pψ is skew symmetric for one Pψ, B is thus
skew-symmetric too. The reducible case is obvious and follows from the
classification of lemma 3.1.
3.3 The Selmer groups
We recall now the definition of the Selmer groups we are interested in. We
use the definitions and notations of section 2.4. Let ρF be the Galois repre-
sentation in GL2(I) associated to F ; it is continuous and unramified outside
Np. For each ℓ 6 | the characteristic polynomial of Frobℓ is given by
X2 − a(ℓ;F)X + ℓ−1ǫF (ℓ) < ℓ >T
Moreover ρF is ordinary at p. Then if we assume the hypothesis:
(Reg F) (ǫF )p 6= ω
there exists g+ ∈ GL2(I) such that for all σ ∈ Ip
ρF (σ) = g+
(
det(ρF )(σ) ⋆
0 1
)
g−1+
Let us consider now the Galois character in OK [[S]] defined by:
η˜(σ) = ηG(σ) < χp(σ) >S
where ηG denotes the Galois character associated to the Dirichlet charac-
ter η by Class Field Theory; obviously, η˜ is the universal deformation of
the character ηG. For any Dirichlet character ψ, we will denote by ψp its
component on the factor of conductor a power of p.
Let ad0(ρF ) ⊗ η˜ the adjoint representation of GQ on sl2(I) ⊗ Zp[[S]]
twisted by η˜. We set F+(ad0(ρF )) the sub I-module of sl2(I) generated by
the matrices of the following type:
g+
(
0 ⋆
0 0
)
g−1+
By ordinarity of ρF , this submodule is stable by the action of the inertia Ip,
therefore we can consider the action of Ip on ad
0(ρF )/F+(ad0(ρF ))⊗ η˜. We
fix Iq an inertia subgroup for all prime q. For any irreducible quotient A of
25
I[[S]] and any finite set of primes Σ containing p, we define SelA,Σ(ad
0(ρF )⊗
η˜) as the kernel of
H1(GQ, (ad
0(ρF )⊗ η˜−1)⊗A∗) −→
⊕
q /∈ΣH1(Iq; (ad0(ρF )⊗ η˜−1)⊗A∗)
⊕H1(Ip; ((ad0(ρF )/F+(ad0(ρF )⊗ η˜−1)⊗A∗)
with A∗ = HomZp(A,Qp/Zp) the Pontrjagin dual of A.
We consider the following condition on A:
(Arith A) A is an arithmetic Klingen-regular irreducible quotient of I[[S]]
(cf. definition 2.2)
We denote by θA the corresponding surjective homomorphism I[[S]] → A.
Note that A is still a Krull ring.
This condition is fulfilled in the following interesting cases:
1. A = I[[S]] the Selmer group is the two variable one considered in [19].
2. A = OK [[S]] where the map θA is obtained from a modular form fk of
weight k > 3 belonging to the family F . In that case, the Selmer group
is the classical one-variable Selmer group attached to the cyclotomic
twists of the symmetric square of the modular representation ρfk .
3. A = I with θA(S) = (1 + u)
l − 1 with l > 1. Then the Selmer group
has only the weight-variable of the family F .
4. A = OK where θA(S) = (1 + u)
l − 1 with k − 3 ≥ l > 1 and θA is
obtained from a modular form fk of weight k > 3 belonging to the
family F .
Remark: The case l = 0 and k = 2 could be also treated by the same
way. We have not included it here because it should be studied by using
directly the Hecke algebra of GSp4 associated to automorphic forms whose
archimedean component is the holomorphic completely degenerated limite
of dicrete series (because it is not controled by our universal Hecke algebra).
Note that the existence of the Galois representations for such forms can be
constructed by the way of congruences with higher weights forms by using
the Hasse invariants constructed by Blasius-Ramakrishnan and Clozel.
A special case of one conjecture of [8] is
Conjecture 3.3 SelA,Σ(ad
0(ρF ) ⊗ η˜−1) is co-torsion over A. We denote
by FΣad0(ρF )⊗η˜−1,A its characteristic ideal in A.
Remark: This conjecture is proven by Hida for A = I[[S]] when η is trivial
cf. [15] or for even η ( which are unramified at p) when Σ is reduced to
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{p} see [16] and [17] . It seems that his method should solve the general
case provided that the isomorphisms betweenthe Hecke algebra over the
totally real field fixed by the kernel of η and the corresponding universal
deformation ring is proved in the unrestricted cases (see [7], [16] and [17]).
Let ΣN be the set of primes dividing N and A satisfying (Reg A). Our
main result is:
Theorem 3.5 Let F be an I-adic cusp form with ǫF 6= ω. We assume
conjecture 3.1 and either conjecture 3.2 or that Lp(η
−1) the Kuboto-leopoldt
p-adic L function associated to the branch η−1 is a unit in OK [[S]]. Let P
be an height one prime ideal of A such that
(i) P 6= (θA(S)) if ηp is trivial modulo p.
(ii) P∩θA(Zp[[T, S]]) 6= (θA((1+S)(1+T )−u)) if ηp(ǫF )p is trivial modulo
p.
then
lengthAP (SelA,ΣN (ad
0(ρF )⊗ η˜−1)P ) ≥ vP (EisA(F , η)).
Therefore, if we assume conjecture 3.3 for SelA,ΣN (ad
0(ρF )⊗ η˜−1), we have
the divisibility
EisA(F , η)|FΣNad0(ρF )⊗η˜−1,A
in A (resp. in AθA(S) if ηp is trivial modulo p and in AθA((1+S)(1+T )−u) if
ηp(ǫF )p is trivial modulo p).
Remarks: a) Note that EisA(F , η) is not a divisor and the divisibility
EisA(F , η)|FΣNad0(ρF )⊗η˜−1,A means that the divisor associated to EisA(F , η)
divides FΣNad0(ρF )⊗η˜−1,A.
b) In case (i) for A = I[[S]], by results of Greenberg-Tilouine (cf. [9]) and
Hida (cf [15]), the (S)-adic valuations of the p-adic L function Lad0(ρF )⊗η˜−1
and the characteristic ideal FΣNad0(ρF )⊗η˜−1,I[[S]] are both equal to 1 (see also
[19]). In case (ii), it is easy to verify that vP (Lad0(ρF )⊗η˜−1) = 0 using the
interpolation property of this p-adic L function. Therefore these assumptions
are not restrictions in the proof of the divisibility Lad0(ρF )⊗η˜−1 | FΣNad0(ρF )⊗η˜−1 .
3.4 Proof of theorem 3.5
We fix once for all, a finite extension L of the field of fractions FA of A such
that the Galois representations associated to the irreducible components of
R′A,F ,η take values in GSp4(L). Since R
′
A,F ,η⊗L is semi-simple by corollary
2.4, it is possible to glue these Galois representations and thus to get a
Galois action on VL = (R
′
A,F ,η ⊗L)4. Let AL be the integral closure of A in
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L. From now one we fix P a height one prime of A dividing EisA(F , η) as
in the theorem and Q a height one prime of AL lying over P . We denote by
AQ the localization of AL at Q. It is a discrete valuation ring for which we
choose a uniformizing parameter ̟Q and we denote by e the ramification
index of P in AL (i.e P.AQ = ̟
e
QAQ).
Since P divides EisA(F , η), by our assumption (Reg A), one sees from
Theorem 3.4 that the Galois representation on VL is irreducible as RA,F ,η⊗
L-module. Indeed, let us take J be any irreducible component of R′A,F ,η
occurring in R′A,F ,η ⊗ AQ. Then it follows from the congruence relations
that the characteristic polynomial of ρλJ ⊗ 1A is congruent to that of (ρF ⊕
ρF ⊗ η˜)⊗ 1A modulo P . Now if ρλJ was endoscopic and reducible, its semi-
simplification would be isomorphic to ρ1⊕ρ2 with det(ρ1) = det(ρ2) but this
implies that θA(η˜) is trivial modulo P what is impossible by assumption (i)
of the theorem. Therefore, ρλJ is irreducible; moreover its image falls in
GSp4(L) by proposition 3.3 and corollary ??. We can thus apply section
1.3 to our situation by taking B = R′A,F ,η ⊗ AQ, I = IEis(F ,η) ⊗ AQ, ρ0 =
ρF ⊗ 1AQ , ν0 = η˜det(ρF ) ⊗ 1AQ . If we denote by n = vP (EisA(F , η), then
we have
B/I = R′A,F ,η ⊗AQ/IEis(F ,η) ⊗AQ = AQ/Qne
and thus there exists a AQ-lattice in VL without quotient isomorphic to
ρF ⊗ 1AQ mod P and such that its reduction modulo I provides us the
following exact sequence:
0 // V (ρF ) ⊗N // L⊗λF,η AQ/Qne // V (tρ−1F ⊗ det(ρF )η˜)⊗ AQ/Qne
ss
s
// 0
where
1. N = T /IT with T faithful AQ-module (contained in the total ring of
fraction of R′A,F ,η ⊗AQ).
2. s is a section of AQ-module but is not Galois equivariant.
3. L⊗λF,η AQ/Qne is endowed with a skew symmetric bilinear form such
that
φ¯(
(
t1
t2
)
,
(
s(b1)
s(b2)
)
) = b1.t1 + b2.t2
for all
(
t1
t2
)
∈ V (ρF )⊗N and
(
b1
b2
)
∈ V (tρ−1F )⊗AQ/Qne.
Note that by point 1, one sees easily by proposition 4 and 7 of the appendix
of [22] that the
lengthAQ(N) ≥ ne
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Consider now the cocycle CEis from GQ in M4(AQ)⊗AQ N defined by
CEis(g)(m) = m− g.s(g−1.m)
for all m ∈ V (tρ−1F ⊗ det(ρF )η˜) ⊗ AQ/Qne and where we have done the
identification
HomAQ(V (
tρ−1F ⊗ det(ρF )η˜)⊗AQ/Qne, V (ρF ))⊗N ∼=M2(AQ)⊗AQ N
by using the canonical basis of V (ρF ) and V (tρ−1F ) ⊗ det(ρF )η˜ Let us note
that the action of γ ∈ GQ on X ⊗ n ∈ M2(AQ) ⊗AQ N induced by this
identification is given by:
g.(X ⊗ n) = (det(ρF )η˜(g))−1.ρF (g)XtρF (g)⊗ n
Let us consider the map:
HomAQ(N ;Q
−neAQ/AQ)
ιN−→ H1(GQ;M2(AQ)⊗AQ Q−neAQ/AQ)
where ιN (f) is defined as the cohomology class of Cf = (1⊗ f) ◦ CEis.
Fact 1. ιN is injective.
Proof: Indeed assume a moment it is not and let f ∈ Ker(ιN ). If f 6= 0,
there exist N ′ with N ⊃ N ′ ⊃ Ker(f) and N/N ′ ∼= AQ/Q. And let us set
M =
L ⊗λF,η AQ/Qne
Q.L+ V (ρF )⊗N ′
Then since ιN (f) = 0, we see easily that M as GQ-module is isomorphic to(
V (ρF )⊕ V (tρ−1F ⊗ det(ρF )η˜)
)
⊗AQ/Q.
But this contradicts the fact that L does not have a quotient isomorphic to
V (ρF )⊗AQ/Q.
In order to relate the cocycles we have constructed to elements of our
Selmer group, let us first remark that the representation of GQ defined
above is isomorphic to ad(ρF ) ⊗ η˜−1; we note ι′N the composite of ιN with
this isomorphism.
Fact 2.For all f ∈ HomAQ(N ;Q−neAQ/AQ) and g ∈ GQ, C ′f (g) = ι′N (f)(g) ∈
ad0(ρF )⊗ η˜−1 ⊗Q−neAQ/AQ.
Proof: We have something to prove only when the Lp(η
−1) is not supposed
to be a unit in OK [[S]] because Sel(ad(ρF )⊗ η˜−1) = Sel(ad0(ρF )⊗ η˜−1)⊕
Sel(η˜−1) and the last factor has characteristic ideal equal to Lp(η−1) by the
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Iwasawa conjecture proven by Mazur-Wiles. Let r > 0 such that Im(f) =
Q−rAQ/AQ. Then the action of any g ∈ GQ on
Mf =
L ⊗λF,η AQ/Qne
Qr.L + V (ρF )⊗Ker(f)
∼= (AQ/QrAQ)4
The matrix of the action of g ∈ GQ with respect of the basis of Mf con-
structed from the canonical basis of V (ρF )⊗N/Ker(f) and the image by s
of the canonical basis of V (tρ−1F )⊗AQ/Qne is given by:
E(g) =
(
ρF (g) Qr.Cf (g)tρF (g)−1
02
tρF (g)−1det(ρF )η˜(g)
)
mod. Qr
Since by the point 3 above (cf. proposition 1.1), E(g) ∈ GSp4(AQ/QrAQ)
and therefore Cf (g) is symmetric. This implies that C
′
f (g) = ι
′
N (f)(g) ∈
(ad0(ρF )⊗ η˜−1)⊗̟−neQ AQ/AQ.
Since the Galois representations occurring in the above construction are
unramified outside Np, it follows that it is the same for C ′f . Then the local
condition is satisfied for q 6 |Np.
Study of the local condition at p.
Let us prove now that C ′f is ordinary in the sense that C
′
f (g) modulo
F+(ad0(ρF )⊗ η˜−1)⊗̟−neQ AQ/AQ is a coboundary. To prove that we need
temporary to assume Conjecture 3.1; let us do it. By theorem 3.2, this im-
plies there exists a (R′A,F ,η⊗FA)-submodule of rank 1 in VL which is stable
by the inertia group Ip with action given by ξ1 (cf. theorem 3.2). More-
over by assumption on P , the characters (ξi)1≤i≤4 are different modulo P .
This implies easily that L[ξ1] is a direct factor of L. Therefore there exist
v0 ∈ Mf\̟QMf such that σ.vo = η˜(σ) det(ρF )(σ).v0 for all σ ∈ Ip. Let g+
such that
ρF (σ) = g+
(
det(ρF )(σ) t(σ)
0 1
)
g−1+
for all σ ∈ Ip and let us write v0 in the basis used above: v0 = t(α, β, γ, δ)
and set t(γ′, δ′) = tg+t(γ, δ). Then writing matricially the equality σ.vo =
η˜(σ) det(ρF )(σ).v0, we get γ′ = 0 and
ρF (σ)
(
α
β
)
+C(σ)tρF (σ)−1η˜det(ρF )(σ)tg−1+
(
0
δ′
)
= η˜det(ρF )(σ)
(
α
β
)
Since v0 /∈ ̟QMf this implies that δ′ 6≡ 0 mod Q and therefore we can
assume δ′ = 1. Writing
g−1+ Cf (σ)
tg−1+ =
(
aσ bσ
bσ cσ
)
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we thus have:(
bσ
cσ
)
= η˜det(ρF )(σ)−1
(
det(ρF )(σ) t(σ)
0 1
)
g−1+
(
α
β
)
− g−1+
(
α
β
)
A simple computation implies that
g−1+ Cf (σ)
tg−1+ =(
⋆ 0
0 0
)
+[det(ρF (σ))η˜(σ)]−1g−1+ ρF (σ)
(
0 α
α β
)
tρF (σ)tg−1+ −g−1+
(
0 α
α β
)
g−1+
Taking into account the Galois equivariant isomorphism
ad0(ρF )⊗ η˜ ∼= Sym2(ρF )⊗ det(ρF )−1η˜−1,
we get that C ′f |Ip is trivial in
H1(Ip; (ad
0(ρF )/F+(ad0(ρF ))⊗ η˜−1)⊗̟−neQ AQ/AQ).
We conclude from the above discussion that the length of SelAQ/Qen,ΣN (ad
0(ρF )⊗
η˜−1)) is greater or equal to ne and therefore
lengthAP (SelAP /Pn,ΣN (ad
0(ρF )⊗ η˜−1)) ≥ n
because
SelAP /Pn,ΣN (ad
0(ρF )⊗ η˜−1) →֒ SelA,ΣN (ad0(ρF )⊗ η˜−1)P [Pn]
by irreducibility of ad0(ρF )⊗ η˜−1 ⊗AP /P.AP .
Remark: Actually, a similarly proof of the above theorem should give
the following:
Let F be an I-adic cusp form with ǫF 6= ω. We assume conjecture 3.1 and
either conjecture 3.2 or that Lp(η
−1) the Kuboto-leopoldt p-adic L function
associated to the branch η−1 is a unit in OK [[S]] . If ηp and ηp(ǫF )p are not
trivial modulo p. then
FittA(SelA,ΣN (ad
0(ρF )⊗ η˜−1)) ⊂ EisA(F , η).
Moreover, if dimκ((Selκ,ΣN (ad
0(ρ¯F ) ⊗ η¯−1) = 1, then we have an injective
homomorphism:
[A/EisA(F , η)]∗ →֒ SelA,ΣN (ad0(ρF )⊗ η˜−1)
In light of the above remark, we like to state the following conjecture:
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Conjecture 3.4 Let F be an I-adic cusp form with ǫF 6= ω. If ηp and
ηp(ǫF )p are not trivial modulo p. then
FittA(SelA,ΣN (ad
0(ρF )⊗ η˜−1)) = EisA(F , η).
Especially, if dimκ((Selκ,ΣN (ad
0(ρ¯F ) ⊗ η¯−1) = 1, then we have an isomor-
phism:
[A/EisA(F , η)]∗ ∼= SelA,ΣN (ad0(ρF )⊗ η˜−1)
3.5 An application to congruences for base change.
We give below a discussion of an application of Theorem 3.5. Let f be an
ordinary cuspidal newform of weight k and fˆ the base change to Q(η) the
totally real field associated to η by Class Field Theory. Let us state the
following conjecture:
Conjecture 3.5 Assume that η is even. If p divides
L(1, Ad(ρf )⊗ η−1)
ΩHida(f)
,
then there exists g an Hilbert modular (cuspidal) newform of weight k which
is not a base change from Q and such that
g ≡ fˆ mod P
for P a prime of Q¯ above p.
Let K be a finite extension of Qp containing the eigenvalues of f and the
values of η. Consider Eis(f, η) = θOK (Eis(F , η) where F is an I-adic Hida
family whose a specialization I → OK gives f . Then we have the following
result towards the above conjecture:
Corollary 3.2 We assume conjecture 3.1 and either conjecture 3.2 or that
Lp(η
−1) the Kuboto-leopoldt p-adic L function associated to the branch η−1
is a unit in O[[S]]. Assume that
• Q(η) and Q(µp) are linearly disjoint.
• ηp and ηpωk−1ǫf are non trivial modulo p
• For all q|N , H1(Iq, ad0(ρ¯f )⊗ η¯−1) = 0.
• k > 3
• ρ¯f |Gal(Q¯/Q(η)(√p∗)) is absolutely irreducible
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Then if p divides Eis(f, η), there exist g an Hilbert modular (cuspidal) new-
form of weight k which is not a base change from Q and P a prime of Q¯
above p such that
g ≡ fˆ mod P.
Proof: By Theorem 3.5 for A = OK and l = 2 in case 4 of the list of
examples given before the theorem, we see that
SelOK ,ΣN (ad
0(ρf )⊗ η−1 < χp >−2) 6= 0.
Moreover, by the second hypothesis, we see that:
SelOK ,ΣN (ad
0(ρf )⊗ η−1 < χp >−2) = SelOK ,∅(ad0(ρf )⊗ η−1 < χp >−2)
Let us denote by F the residual field of OK , then we have by irreducibility
of ad0(ρ¯f ):
SelOK ,∅(ad
0(ρf )⊗ η−1 < χp >−2)[p] =
= SelF,∅(ad0(ρ¯f )⊗ η¯−1) = SelOK ,∅(ad0(ρf )⊗ η−1)[p].
We deduce that
(⋆) SelOK ,∅(ad
0(ρf )⊗ η−1) 6= 0.
We can also consider the Selmer group Sel
Q(η)
OK ,∅(ad
0(ρf )) over the totally
real field Q(η) defined by considering the action restricted to Gal(Q¯/Q(η)).
Let ∆η = Gal(Q(η)/Q). Since fˆ
σ = fˆ for all σ ∈ ∆η, we have an action of
∆η on the Selmer group Sel
Q(η)
OK ,∅(ad
0(ρf )). Moreover the inflation-restriction
exact sequence in Galois cohomology gives us the following isomorphism:
Sel
Q(η)
OK ,∅(ad
0(ρf ))[η
−1] = SelOK ,∅(ad
0(ρf )⊗ η−1)
Also it follows from Fujiwara’s work generalizing Taylor-Wiles’results to
totally real fields (cf. [7]) that
Ω1R
fˆ
/OK
⊗R
fˆ
,λ
fˆ
OK ∼= SelQ(η)OK ,∅(ad
0(ρf ))
∗
where Rfˆ is the local component of the Hecke algebra of minimal level asso-
ciated to fˆ and λfˆ is the character of Rfˆ given by fˆ . Since this isomorphism
is compatible with the action of ∆η, by (⋆), we have that
(⋆⋆) (Ω1R
fˆ
⊗R
fˆ
,λ
fˆ
OK)[η
−1] 6= 0.
This implies that the action of ∆ on the local component Rfˆ is non trivial
and thus Rfˆ contains irreducible component which are not base change from
Q. This proves what we claimed.
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Remarks: a) By a similarly proof, one sees that the same result holds
for Hida families of cusp forms.
b) It seems possible to prove the converse of this result when χ is quadratic.
We give a sketch of proof: Assume you have a congruence between fˆ and g
and consider their theta lifts from GL2/Q(η) to GSp4/Q. Then Θ(fˆ) ≡ Θ(g)
but the eigenvalues of Θ(fˆ) are given by the Eisenstein character λEis(f,η)
and since g is not a base change lift Θ(g) should be cuspidal. Therefore p
divides the Eisenstein Ideal. We thank D. Prasad for suggesting to us this
example of congruences.
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